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Abstract
In this paper, by applying the discharging method, we give simple proofs that (1) every
n-vertex graph with minimum degree at least 3 and girth at least 5 that is embeddable in a
surface  of Euler characteristic at least −n=8 is edge-reconstructible, and (2) every n-vertex
graph with minimum degree at least 4 that is embeddable without faces of length at most 3 in
a surface  of Euler characteristic at least −n=6 is edge-reconstructible.
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1. Introduction
In this paper, all graphs considered are 7nite and simple. We denote the vertex
and edge sets of a graph G by V (G) and E(G), respectively. When discussing a 7xed
graph G, we let n= |V (G)| and m= |E(G)|. For a vertex v∈V (G), let deg(v) be the
degree of v. Let 	(G), 
(G) (or 	, 
 if the graph is clear from the context) be the
minimum degree and maximum degree of G, respectively. A k-vertex is a vertex of
degree k. The girth of a graph G is the length of its shortest cycle and is denoted by
g(G) (or g).
Surfaces which consist of orientable surfaces and non-orientable surfaces are compact
and connected 2-manifolds without boundary. For an orientable surface  of genus 
(formed by adding  handles to a sphere), the Euler characteristic () is de7ned to be
2−2. The reason for this de7nition is Euler’s formula, which states that n−m+t= ()
for every 2-cell embedding on  of a graph with n vertices, m edges, and t faces. The
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formula extends also to 2-cell embeddings of graphs on non-orientable surfaces when
Euler characteristic () for a non-orientable surface  with  handles and  cross-
caps is de7ned to be 2 − 2 − . Let G be embedded in a surface ; the connected
components of  − G are the faces of the embedding of G in . If f is a face and
v is a vertex on the boundary of f, then v is incident with f. If all the faces of an
embedding of G in  are homeomorphic to the open unit disc, then the embedding is a
2-cell embedding. All embeddings considered in this paper are 2-cell embeddings. Let
G be embedded in a surface , and let f be a face of the embedding. The boundary
of f is a subgraph of G. Following the boundary of the open disk f, this subgraph
is traced out by a closed walk in G, unique up to rotations and reversal of direction,
called the facial walk of f. The degree of a face f of an embedding is the length of
its facial walk and is denoted by deg(f). A k-face is a face of degree k. We denote
the maximum degree of faces by 
′(G). When G is a graph embedded in a surface
, we use F(G) to denote the set of faces of the embedding and let t= |F(G)|.
A graph G is edge-reconstructible if its isomorphism class is uniquely determined
by the multiset (G)= {G − e: e∈E(G)} of single-edge-deleted subgraphs of G,
with multiplicities. A graph H is an edge-reconstruction (or reconstruction for short)
of G if (H)=(G). A graph G is edge-reconstructible if and only if every edge-
reconstruction of G is isomorphic to G. The edge-reconstruction conjecture, due to
Harary [8], states that every graph with at least four edges is edge-reconstructible.
There are many results about the Edge Reconstruction Conjecture; see survey papers
by Bondy [1] and Ellingham [3]. Here, we mention a few papers concerning edge-
reconstruction of graphs that embed in particular surfaces. In [4–6,9,11–13], the edge-
reconstruction conjecture is studied for the class of planar graphs. In [14–16], we
studied it for graphs that embed in a 7xed surface and satisfy a 7xed lower bound
on minimum degree. In this paper, we relax the restrictions on surfaces and minimum
degree and instead add a condition on girth.
2. Main result
The 7rst lemma is due to HoLman (see [1]).
Lemma 1. Let G be a graph of minimum degree 	. If for some k¿0, there is a
vertex in G of degree 	+ k adjacent to k + 1 or more vertices of degree 	, then G
is edge-reconstructible.
Lemma 1 is trivial for k =0 because the degree sequence is edge-reconstructible,
and then it follows for k in general by induction on k.
Lemma 2. Let G be a graph with minimum degree 	 and girth g¿5. If G is not
edge-reconstructible, then G does not contain any graph in Fig. 1 as a subgraph,
where the labels 	, 	 + 1 denote degrees of vertices and the unlabeled vertex has
degree at least 	+ 2.
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Proof. We use the edge reconstructibility of the minimum degree 	 and the degree
sequence. If G contains the graph in (a), then let e be the edge joining the two (	+1)-
vertices in G that appear in that subgraph. The graph G− e appears in (G). Since G
is not edge-reconstructible, Lemma 1 with k =0 implies that the missing edge e must
have an endpoint on each edge joining 	-vertices in G−e. Since G is assumed to have
girth at least 5, the only way to replace the missing edge to form a reconstruction of
G is to complete the 5-cycle. This makes G edge-reconstructible.
If G contains the graph in (b), then let e be an edge joining vertices of degrees
	 and 	 + 1 in G that appear in that subgraph. Again the graph G − e appears in
(G). Since G − e has a (	 + 1)-vertex with two neighbors of degree 	, Lemma 1
with k =1 implies that the deleted edge is incident with one of these vertices. By the
edge reconstructibility [7] of the degree sequence of G, the missing edge joins vertices
of degrees 	− 1 and 	 in G − e. There is only one vertex of degree 	− 1 in G − e.
Since G is assumed to have no 4-cycle, the other end point is also now determined.
This makes G edge-reconstructible.
The method used in the proof of our next theorem is called the discharging method.
A proof using the discharging method proceeds roughly as follows. Assuming that
the desired property fails, an initial charge is assigned to each element of the given
structure. Using global properties of the structure, this produces a total charge satisfying
a particular bound. A discharging rule is used to redistribute the charge so that locally
the new charge on each element satis7es bounds in the opposite direction. In particular,
the total of the redistributed charge contradicts the bound on the original total charge.
Since no overall charge was lost or gained, the contradiction implies that the desired
property must in fact hold.
Theorem 1. Every n-vertex graph G with minimum degree 	¿3 and girth g¿5 that
is embeddable in a surface  of characteristic ()¿− n=8 is edge-reconstructible.
Proof. Consider an embedding G in . Assume that G is not edge-reconstructible.
Since G is embedded in  and Euler’s formula yields n− m+ t= (), we use
m=
∑
v∈V (G)
deg(v)=
∑
f∈F(G)
deg(f)
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to obtain
∑
v∈V (G)
(deg(v)− 6) +
∑
f∈F(G)
(2 deg(f)− 6)=− 6():
We call c(v)= deg(v) − 6 the initial charge of the vertex v and c(f)= 2 deg(f) − 6
the initial charge of the face f. Hence we have
∑
x∈V (G)∪F(G)
c(x)=− 6():
We will redistribute charges of vertices and faces according to the discharging rule.
Discharging rule. Each face f sends 54 units of charge to each incident 	-vertex,
11
16
units to each incident (	 + 1)-vertex, and 25 units to each incident (	 + 2)-vertex and
each incident (	 + 3)-vertex. A vertex appearing more than once in the facial walk
bounding f receives the stated charge for each such appearance.
Note that the eLect of a face f sending k units of charge to an incident vertex v
decreases the amount of charge of f by k and increases the amount of charge of v by
k. Hence the total charge is unchanged after we redistribute charges according to our
discharging rule. If we use c′(x) to denote the new charge of x for x∈V (G)∪F(G),
then we have
∑
x∈V (G)∪F(G)
c′(x)=
∑
x∈V (G)∪F(G)
c(x)=− 6():
We will show that ()6−n=8 if G is not edge-reconstructible by showing that the
total charge is large. In order to show this, we consider c′(x) for each x∈V (G)∪F(G).
If x is a 	-vertex, then c(x)= 	 − 6. Since x receives 54 units of charge for each
incidence of a face with it, c′(x)= c(x) + 	× 54 = (9	− 27)=4 + 34¿ 34 .
If x is a (	+1)-vertex, then c(x)= (	+1)− 6. Since x receives 1116 units of charge
for each incidence of a face with it, c′(x)= c(x)+(	+1)× 1116 = (27	− 81)=16+ 34¿ 34 .
If x is a (	+ 2)-vertex, then c(x)= (	+ 2)− 6. Since x receives 25 units of charge
for each incidence of a face with it, c′(x)= c(x) + (	+ 2)× 25 = (7	− 21)=5 + 1¿1.
If x is a (	+ 3)-vertex, then c(x)= (	+ 3)− 6. Since x receives 25 units of charge
for each incidence of a face with it, c′(x)= c(x)+ (	+3)× 25 = (7	− 21)=5+ 125¿ 125 .
Let x be a k-vertex with k¿	+4. Since x receives nothing from faces incident with
it, we have c(x)= c′(x)= deg(x)− 6.
Let x be a 5-face; initially, c(x)= 4. Lemma 1 prohibits adjacent 	-vertices, so a
5-cycle has at most two 	-vertices. If there are two, then they are not adjacent, and
Lemma 1 prohibits any (	 + 1)-vertex as their common neighbor. Now Lemma 2
prohibits having two (	 + 1)-vertices. Thus if x is incident with two 	-vertices, then
it is incident with at most one (	 + 1)-vertex. This yields the following three cases:
(1) x is incident with two 	-vertices, at most one vertex of degree at least 	+ 1 and
at least two vertices of degree at least 	+ 2; (2) x is incident with one 	-vertex and
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four vertices of degree at least 	 + 1; (3) x is incident with 7ve vertices of degree
at least 	 + 1. In the 7rst case, the amount of charge deducted from x is at most
2× 54 + 1116 + 2× 25 = 31980 ¡4. In the second case, it is at most 54 + 4× 1116 = 32080 = 4. In
the third, it is at most 5516¡4. Thus in each case, the resulting charge c
′(x) on x is at
least 0.
Let x be a 6-face; initially, c(x)= 6. Lemma 1 prohibits adjacent 	-vertices, so a
6-cycle has at most three 	-vertices. If there are three, no two are adjacent, and Lemma
1 prohibits having any (	+1)-vertex. If there are two, then Lemmas 1 and 2 together
prohibit having four (	 + 1)-vertices. This yields the following four cases: (1) x is
incident with three 	-vertices and no (	 + 1)-vertex; (2) x is incident with two 	-
vertices, at most three vertices of degree at least 	 + 1 and at least one vertex of
degree at least 	 + 2; (3) x is incident with one 	-vertex and 7ve vertices of degree
at least 	 + 1; (4) x is incident with six vertices of degree at least 	 + 1. In the 7rst
case, the amount of charge deducted from x is at most 3 × 54 + 3 × 25 = 9920¡5. In
the second case, it is at most 2× 54 + 3× 1116 + 25 = 39780 ¡5. In the third, it is at most
5
4 +5× 1116 = 7516¡5. In the last case, it is at most 6616¡5. Thus in each case, the resulting
charge c′(x) on x is at least 1.
Let x be a k-face with k¿7. By our discharging rule, x sends out 54 units of charge
for each incidence of a 	-vertex v with it. It will be easier to bound the amount of
charge that x sends out to vertices incident with it if we think of x as sending 1 of
this 54 directly to v and sending half of the remaining
1
4 to v via each of u, w, where
uv, wv are incident with x. Since x sends 1116 units of charge to each (	 + 1)-vertex
incident with it and 25 units to each (	 + 2)-vertex and each (	 + 3)-vertex incident
with it, one can see that in this sense x sends out at most 1 unit of charge for each
incidence of a vertex with it. Hence we have c′(x)¿c(x)−k =(2k−6)−k = k−6¿1.
If we use nk and fk respectively to denote the number of k-vertices of G and the
number of k-faces of the embedding of G in , then we have
−6() =
∑
x∈V (G)∪F(G)
c(x)=
∑
x∈V (G)∪F(G)
c′(x)
¿
3
4
n	 +
3
4
n	+1 + n	+2 +
12
5
n	+3 +
∑
k¿	+4
(k − 6)nk
+f6 +
∑
k¿7
(k − 6)fk:
Thus we have −6()¿ 34n. This leads to ()6 − n=8, a contradiction. Hence G
is edge-reconstructible.
3. Related results
Remark. The proof shows that n=− 8() can also be excluded by the reconstructibil-
ity of bidegreed graphs [3].
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It is shown in [2] that graphs with at most nine vertices are edge-reconstructible.
This yields the following corollary.
Corollary. Each graph with minimum degree at least 3 and girth at least 5 is edge-
reconstructible if it embeds in the plane, projective plane, torus, Klein Bottle or a
surface of characteristic =− 1.
We next prove a variation on Theorem 1 that allows us to enlarge the set of surfaces
whose graphs are edge-reconstructible and to relax the girth requirement; the cost is a
stricter requirement on the minimum degree.
Theorem 2. Every n-vertex graph G with minimum degree 	¿4 that is embeddable
without 3-faces in a surface  of characteristic ()¿− n=6 is edge-reconstructible.
Proof. Since the arguments in the proof of Theorem 2 are similar to those in the
proof of Theorem 1, slightly less detail will be given. Consider an embedding G in
. Assume that G is not edge-reconstructible. Since G is embedded in , by Euler’s
formula n− m+ t= (), we have
∑
x∈V (G)∪F(G)
c(x)=− 6();
where c(x) is equal to either deg(x)− 6 or 2 deg(x)− 6 according to either x∈V (G)
or x∈F(G). We will assign a new charge denoted by c′(x) to each x∈V (G)∪F(G)
according to the discharging rule.
Discharging rule. Each face f sends 45 units of charge to each incident 	-vertex,
2
5
units to each incident (	 + 1)-vertex, and 15 units to each incident (	 + 2)-vertex and
each incident (	 + 3)-vertex. A vertex appearing more than once in the facial walk
bounding f receives the stated charge for each such appearance.
For each x∈V (G)∪F(G), we consider c′(x).
If x is a 	-vertex, then c(x)= 	 − 6. Since x receives 45 units of charge for each
incidence of a face with it, c′(x)= c(x) + 	× 45 = (9	− 36)=5 + 65¿ 65 .
If x is a (	+ 1)-vertex, then c(x)= (	+ 1)− 6. Since x receives 25 units of charge
for each incidence of a face with it, c′(x)= c(x) + (	+ 1)× 25 = (7	− 28)=5 + 1¿1.
If x is a (	+ 2)-vertex, then c(x)= (	+ 2)− 6. Since x receives 15 units of charge
for each incidence of a face with it, c′(x)= c(x) + (	+ 2)× 15 = (6	− 24)=5 + 65¿ 65 .
If x is a (	+ 3)-vertex, then c(x)= (	+ 3)− 6. Since x receives 15 units of charge
for each incidence of a face with it, c′(x)= c(x)+ (	+3)× 15 = (6	− 24)=5+ 125¿ 125 .
Let x be a k-vertex with k¿	+4. Since x receives nothing from faces incident with
it, we have c(x)= c′(x).
Let x be a 4-face. By Lemma 1, we have c′(x)¿c(x)− 2=0.
Let x be a k-face with k¿5. Since x sends out at most 45 units of charge for each
incidence of a vertex with it, we have c′(x)¿c(x)− k × 45 = (6k − 30)=5.
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Therefore we have
−6() =
∑
x∈V (G)∪F(G)
c(x)=
∑
x∈V (G)∪F(G)
c′(x)
¿
6
5
n	 + n	+1 +
6
5
n	+2 +
12
5
n	+3
+
∑
k¿	+4
(k − 6)nk +
∑
k¿5
6k − 30
5
fk:
Since n	 = 0, we have n ¡ −6(), a contradiction. Hence G is edge-re-
constructible.
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